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Abstract 

We present a formula for the number of line segments connecting 
q + 1 points of an ni x ■ ■ • x rife rectangular grid. As corollaries, we 
obtain formulas for the number of lines through at least q points and, 
respectively, through exactly q points of the grid. The well-known 
case fc = 2 is so generalized. We also present recursive formulas for 
these numbers assuming k — 2, ni = n2. The well-known case q = 2 
is so generalized. 

Keywords: Rectangular grid, lattice points, recursive formulas 
AMS classification: 05A99, 11B37, 11P21 

1 Introduction 

Let us consider a rectangular grid 

G{ni,...,nk) = {0,...,ni - 1} X ••• X {0, ...,rife - 1}, 

where k,ni, . . . ,nk > 2. Call its points gridpoints. Given g > 2, we say 
that a line is a q-gridline if it goes through exactly q gridpoints. We 
write Iqijii, . . . , Uk) for the number of g-gridlines, and l>q{ni, . . . , nk) for 
the number of gridlines through at least q gridpoints. In other words, 
lyqini, . . . , rife) is the sum of all Ipijii, . . . , nfe)'s with p > q. 

We also say that a line segment is a q- grids egment if its endpoints and 
exactly q — 2 interior points are gridpoints. Let Cq(ni, . . . , n^) denote the 
number of all g-gridsegments. (If q > 2, some of them may partially over- 
lap.) In other words, Cg(ni, . . . , Uk) is the number of line segments between 
such gridpoints that are visible to each other through q — 2 gridpoints. 
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Our first problem, discussed in Section [51 is to find formulas for these 
numbers. They are well-known [5l IH [7] in case of A: = 2. We will see that 
Mustonen's [SJ [B] ideas work also in the general case. 

These "explicit" formulas may have theoretical value but their practical 
value is small. They are computationally tedious and do not tell much 
about the behaviour of the functions. This motivates to look for recursive 
or asymptotic formulas. We do not discuss asymptotic formulas here but 
refer to [3] and note that we are pursuing this matter further |3]. 

So our second problem is to find recursive formulas. We consider only 
the case k = 2, ni — n2 and denote lq{n) = lq{n,n), l>q{n) — l>q{n,n), 
Cqin) — Cq{n,n). Mustonen [5] conjectured and Ernvall-Hytonen et al. [3] 
proved recursive formulas for l>2{n). We will in Section [3] settle this prob- 
lem generally. In fact, Mustonen [6] has already done so, but, in our opinion, 
his results deserve publication also in a journal. 

We will complete our paper with remarks in Section 

2 Explicit formulas 

Theorem 1. For all k,ni, . . . ,nh > 2, q > 1, 

Cg+i(ni, . . . = ^fq{ni, ■ . ■,nk), 

where 

fq{ni, . . . ,nk) = ^ {ni - \ii\) ■ ■ ■ {uk ~ \ik\)- 

—ni <ii <ni 

— "/c<«fc<"/c 

gcd{ii,...,ik}=q 

Proof. Consider a line segment c whose endpoints A ~ {xi, . . . ,Xk) and 
B — {xi + ii, . . . ,Xk + ik) are gridpoints. Then c is a (g -I- l)-gridsegment 
if and only if also the points 

ft t \ 

[xi + -ii, . . . ,Xk + -Ik] , i = 1, . . . , g - 1, 

\ q q J 

are gridpoints and there are no other gridpoints in c. This happens if and 
only if gcd (ii, . . . , ik) = q. Fix ii, . . . ,ik with the properties 

gcd(zi, . . . ,ife) = g and -n, <ij <nj, j = (1) 

We can choose Xj in Uj — \ij\ ways, and so the number of all possible choices 
of A is (ni — |ii|) ■ • • (nk — \ik\)- Summing over alHi, . . . , satisfying ([T]), 
we obtain fq{ni, . . . , rik). We halve it, because —ii, . . . , —ik lead to same 
gridsegments as ii, ... ,ik- So the theorem follows. ■ 
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Corollary 1. Let k,ni, . . . ,nk, q > 2. Then 

l>q{ni,...,nk) = . . . - . . . , n^)). 

Proof. Let L be the set of p-gridlines over all p > q. Take ^ G i. It contains 
p — q + 1 g-gridsegments. On the other hand, it contains p — q {q + 1)- 
gridsegments. If N(r,l) stands for the number of r-gridsegments on /, we 
therefore have N{q, I) — N{q + 1,1) — 1, and so 

/>,(ni, . . . , Uk) = ^ 1 = 51(^(9' - Niq + 1, /)) 

leL leL 

i£L leL 
= Cg(ni, . . . , rifc) - Cq+i{ni, . . . ,nk) 

■ 

Corollary 2. Let k,ni, . . . ,nk,q > 2. Then 

lq{ni,. . .,nk) = i(/q+i(7T,i, . . . , rifc) - 2fq{ni, ...,nk) + fq^i{ni, . . .,nk)). 
Proof. Simply note that 

lq{ni, . . . ,nfc) = l>q{ni, ...,nk) - l>q+i{ni, . . . ,nfc). 



3 Recursive formulas 

Let us consider the function 



eq{n) 



if g 1 71-1, 



where (f> is the Euler totient function. We present first the following ele- 
mentary lemma. If g = 1, then ^ is trivial and ([3]) is well-known (e.g., [H 
Exercise 2.16], fT, Lemma 1]). 

Lemma 1. Let n > 2, q > 1. Then 

n 

^ l^eq{n+l). (2) 

1=1 

{i,n)=q 
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Furthermore, 

n n ^ 



i=l 1=1 



if q ^ n, and 



Y i = n, ^ (n-i)=0. (4) 

i=l i=l 
{i^n)—n {i,n)—n 

Proof, li q \ n, then both sides of ([2|) and all sides of ^ are zero. The 
case q I n remains; let n = kq. Then 

n k 

^ 1= ^ l^cl>{k)^H-)=e,{n+l), 

(i,n)—q {i,k) — l 

and ([2) follows. To show ([21), assume A; > 1. Because 

n n n—1 n 

i—1 2—1 i— z— 1 

{i^n)—q {n-f l~2,n)— q (n— 2,71)— g (2,n)— g 

the first equality holds. Hence, by 0, 

n n n n n 

2 Y X! Y " = " 51 l = neg(n + l), 

■i=l i—l i—1 i—1 i—1 

{i,n)—q {i,n)—q {i,n)—q [i,n)—q {i,n)—q 

and so also the second holds. The claim Q is trivial. ■ 

Theorem 2. Letn>2,q>l. Then 

fg{n) = 2fg{n - - - 1) + r,(n), (5) 
- 1, n) = 2fg{n - 1) - - 2, n - 1) + (6) 

Here fq{n) = fq{n,n), 

Vqin) = 8(e,(2) + 6^(3) + • • • + eg{n)) 

and so 

rq{n) - rq{n - 1) = 8eq(n), 

and 

Sq{n) = 2{n - l)eq{n). 
The initial values are fq{n) — fq{ji — l,n) = for n < q. 
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Proof. If g > n — 1, then everything is zero. So we assume q<n—l. 
Case 1. q <n — 1. Since 



fq{n) =4 n{n-q)+ ^ (n - i){n - j) 



0<i,j<n 



ri-2 



= 4 



-qn+ {n-i){n-j) + 2 ^ {n - i) , (7) 



0<i,j<n-l 



i=l 
{i,n—l)=q 



fq{n - l,n) 



{n-l){n-q) + {n-l-q)n + 2 ^ {n-l-i){n-j) 



0<i<n-l 
0<j<n 



= 2 



271^ - 2{q + l)n + q + 2 ^ {n - 1 - i){n - j) 



0<i,j<n-l 



n-2 



+ 2 E ('^-l-*) > (8) 



l)=q 



f,in - 1) 



(n- l)(n- l-gr)+ ^ {n - 1 - i){n - 1 - j) 



0<i,j<n-l 
(i,3)=q 



{q + 2.)n + q + l+ ^ {n - I - i){n - I - j)], (9) 



0<i,j<n-l 



and 



-qn- [2n^ - 2(g + l)n + + - + 2)n + g + 1 = 1, 
(n — i)(n — j) — 2{n — 1 — i){n — j) + [n — \ — i){n — 1 — j) = 1 + i — j, 
n — i — {n — 1 — i) ^ I, 

n-2 i 

E (i+^-i)= E i = 2E E 1-1' 



0<i,j<n-l 
(j,j)=9 



0<i,j<n— 1 i=l j=l 
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we have, by 0, (0) and ©, 

/,(n)-2/,(n-l,n) + /,(n-l) 

n — 2 i 



n-2 



4 + 4 2^ E 1-1+8 E 1 



ii..j)^q {i.n-l)^q 

71 — 2 i n — 2 71 — 2 i n— 1 

E 1 + 8 E i = 8E E 5: 1 

z— 1 J — 1 4—1 i— 1 J — 1 1 

{i,j)^q {i,n-l)^q {ij)^q (i,n-l)^g 

71 — 2 71 

8 ^ eq(i + 1) + 8eg(n) = 8 ^ eq(i) = r,(n), 



and jS]) follows. 

To show ([6]), we start from (l8|), ([9]), and the fact that 

fq{n - 2,n - 1) = 2 (n - 2)(n - 1 - g) + (n - 2 - - 1) 

+ 2 ^ (n - 2 - - 1 - j) 

0<j<n-l 
{i,3)=q 

2^2 - 2(«7 + 3)n + 3g + 4 + 2 ^ [n - 2 - i){n - I - j) 



= 2 



0<ij<n-l 



Since 

2n^ - 2{q + l)n + q- \\r? - (9 + 2)n + g + 1] 

+ 2n^ - 2{q + 3)n + 3g + 4 = 0, 
{n ~ I ~ i){n - j) - 2{n - I - i){n - 1 - j) + {n - 2 - i){n - 1 - j) ^ j-i, 

we have 

fg{n - 1, n) - 2/,(n - 1) + /,(n - 2, n - 1) 

n-l 

= 4 ^ (j-*)+4 ^ {n-l-z) 

0<i,j<n—l i—1 
(i,j)=q («,"-!)=« 

n-l 

= + 4 ^ (n - 1 - i) = 2(n - l)eg(n) = s^(n). 

1=1 

{i,n~l) — q 
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Case 2. q = n — 1. Simply note that 

fn-iin) - 2/„_i(n - l,n) + /„-i(n - 1) 

= 4(n + 1) - 2 • 2(n- 1) + 

n 

= 8 = 8e„_i(n) 8^e„_i(i) = r„_i(n), 

i=2 

fn-i[n - l,n) - 2/„_i(n - 1) + - 2,n - 1) 

= 2(n - 1) - + = 2(n - l)e„_i(n) = s„_i(n). 

■ 

Corollary 3. Let n,q >2. Then 

l>q{n) = 2l>g{n - 1, n) ~ l>q{n - 1) + p>q{n), (10) 
l>,(n - 1, n) 2?>^(n - 1) - l>q{n - 2, n - 1) + cr>g(n). (11) 

ffere 

n 

P>gW = 4^(e,_i(i) - e5(i)) 

1=2 

anii so 

P>g(»^) - P>q{n - 1) = 4(e,_i(n) - e,(n)), 

and 

(J>q{n) = (n - l)(e,_i(n) - eq{n)). 

The initial values are l>q{n) = l>q{n — l,n) = for n < q, and l>q{q ~ 
l,q)=q-l. 

Proof. Recall Corollary [TJ ■ 

Corollary 4. Let n,q > 2. Then 

lg{n) = 2lg{n - 1, n) - l,{n - 1) + pg{n), (12) 
lg{n - 1, n) = 2lg{n - 1) - ?q(n - 2, n - 1) + <Tg{n). (13) 

iJere 

n 

Pqi^) = 4X!K-i(*) ~ 2e<,(i) + eg+i{i)) 

and so 

Pq{n) - Pq{n - 1) 4(e5_i(ri) - 26,(71) + e,+i(ri,)), 

and 

CTg(n) = (n - l)(eg_i(n) - 2eq(n) + eg+i(n)). 

T/ie initial values are lq{n) — lq(n ^ l^n) — Q for n < q, and lq{q — \,q) = 
q-1. 
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Proof. Recall Corollary [5J ■ 

Finally, we tie ^ and ^ together to obtain a single recursive formula 
for fq{n) only, and join similarly dTO]) with (HT)), and ([12]) with (fT3)) . 

Theorem 3. Let n,q>2. Then 

n n—1 

fg{n) = - 1) + 2 ^ + 2 ^ r,(z) + r,{n), (14) 

71 n—1 

l>q{n) = l>q{n - 1) + 2^cr>q{i) +2^p>g(i) + p>q{n), 

i=l 1=1 
n n—1 

= - 1) + 2 ^ (7,(z) + 2 ^ + pq{n). 

i=l 4=1 

Proof. The formula for l>2{n) has already been proved [31 Theorem 2]. The 
same proof applies to all the above claims. ■ 

Because Cg+i(n) — \fq{n) by Theorem [TJ a trivial modification of ([SJ, 
([6]) and ([T4|) gives the corresponding formulas also for Cq{n). 

4 Remarks 

Remark 1. A function d, defined on G{ni, 112)1 is a (two-dimensional) 
threshold function if it takes two values and 1 and if there is a line 
01X1+02X2 + 6 = separating d~^{{Q}) and d~^{{l}) (i.e., d{xx,X2) = <^ 
aiXi + 02X2 + 6 < 0). Let t(ni,n2) denote the number of such functions. 
Alekseyev [TJ Theorem 3] proved (with different notation) that i(ni,n2) = 
/i (711,71.2) + 2. So Theorems [5| and |3| also imply recursive formulas for 
^(77) = t(n, 77). 

Remark 2. If A; = 2 but ni ^772, the question about recursive formulas is 
more difficult. Mustonen [5] conjectured a recursive formula for ?>2(77i, 712). 
If fc > 3, this question remains open even in case of 771 = • ■ • = 77^. 
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